The potassium hydrogen carbonate crystal (KHCO 3 ) and its deuterated analog (KDCO 3 ) contain centrosymmetric dimer entities (HCO 3 Ϫ ) 2 , or (DCO 3 Ϫ ) 2 , linked by moderately strong hydrogen or deuterium bonds. The OH/OD bonds are virtually parallel to each other throughout the crystal. The incoherent elastic-neutronscattering functions ͑IENSF͒ S(Q x ,Q y ,Q z ϭ0, ϭ0) and S(Q x ,Q y ϭ0, Q z , ϭ0) were measured over the momentum transfer range from ϳ0 to ϳ30 Å
I. INTRODUCTION
Nowadays, incoherent inelastic-neutron-scattering ͑INS͒ spectra, obtained over a rather large energy transfer range ͑e.g., from ϳ0 to 4000 cm Ϫ1 with the TFXA spectrometer at the ISIS pulsed neutron source, Rutherford Appleton Laboratory, UK͒, provide information on the vibrational dynamics in solids that cannot be obtained with the optical techniques ͑infrared and Raman͒. Although the INS technique is rather young, it has already had a spectacular impact on two central problems of vibrational spectroscopy: the relevance of normal modes to represent vibrational spectra and the quantum transfer of protons within double minimum potential wells. 
A. Normal versus localized modes
It is widely accepted that vibrational dynamics of atoms and molecules are reasonably well represented with normal coordinates. 2 Unfortunately, band intensities measured with the optical techniques cannot be fully exploited, and force fields refined with respect to the observed frequencies only are largely underdetermined.
With the INS technique, force fields can be refined with respect to the full spectral profiles including both frequencies and intensities. [3] [4] [5] [6] [7] [8] [9] The incoherent scattering cross section for protons being about one order of magnitude greater than for any other atom, this INS technique is most powerful for hydrogenous samples.
When harmonic force fields are used to represent local atom-atom interactions in molecular crystals, the mean positions of the protons that oscillate at high frequency ͑internal modes͒ follow adiabatically the slow lattice vibrations corresponding to translational and librational motions of the heavy molecular entities, usually referred to as external modes in this context. This riding effect should give rise to large intensities for the lattice modes at low frequency and the intensities of the internal molecular vibrations should be depressed dramatically by the Debye-Waller factor. 8 Consequently, it has been speculated that internal modes above ϳ1000 cm Ϫ1 should be almost invisible with INS. However, this is largely in error. For example, CH stretching modes were observed at ϳ3000 cm Ϫ1 and the role of the DebyeWaller factor had to be reconsidered. [4] [5] [6] [7] More recently, it has been shown that the INS spectrum of potassium hydrogen carbonate (KHCO 3 ) cannot be represented with conventional harmonic force fields. 10 The observed lattice-mode intensity is far too weak. The proton dynamics almost totally decoupled from the heavy atoms are better represented with localized modes in a ''fixed'' ͑labo-ratory͒ referential frame. From the standpoint of the INS spectrum, KHCO 3 can be regarded as a crystal of protons so weakly coupled to the surrounding atoms that the framework of carbonate and K ϩ ions can be virtually ignored. Dynamical models are thus greatly simplified. This view is not specific to the ionic nature of the crystal. 11, 12 These results severely undermine the representation of vibrational spectra with usual normal modes. However, the phenomenological approach proposed so far lacks of contact with physics. It has been recently speculated that the decoupling of the proton dynamics from the crystal lattice could be PHYSICAL REVIEW B 1 FEBRUARY 1999-II VOLUME 59, NUMBER 6 PRB 59 0163-1829/99/59͑6͒/4134͑12͒/$15.00 4134 ©1999 The American Physical Society a consequence of the spin correlation for indistinguishable fermions, according to the Pauli principle. 13 Then, incoherent elastic-neutron-scattering ͑IENS͒ measurements of KHCO 3 should reveal quantum interferences. As opposed to this, quantum interferences should not be observed for KDCO 3 ͑bosons͒ and the deuteron dynamics could be coupled to the lattice.
B. Proton transfer
The proton transfer along pre-existing hydrogen bonds is one of the simplest chemical reactions which is of great importance in many fields in physics, chemistry, and biology.
14-19 KHCO 3 is a prototypical system for proton transfer dynamics 10, 20, 21 because the crystal contains centrosymmetric dimer entities (HCO 3 Ϫ ) 2 ͑Fig. 1͒, and this structure remains unchanged from 298 to 98 K. 22, 23 ͑We are not aware of any diffraction work at a lower temperature͒. The hydrogen bond with length O¯Oϭ2.587 Å ͑2.607 Å for KDCO 3 ͒ is moderately strong. 24 At 298 K protons are disordered between two sites located at ϳϮ0.3 Å off-center of the hydrogen bond, with population ratio of ϳ1:4.
Tunneling for proton transfer is best observed for the stretching vibration along the reaction path. In the infrared and Raman this mode gives broad bands, with several submaxima between 1800 and 3500 cm Ϫ1 , [25] [26] [27] amenable to a quasisymmetric double minimum potential. 20 The ''tunneling'' transition for the quantum transfer of a single proton was observed at 216 cm Ϫ1 with the INS technique. 10 ͑There is no evidence for double minimum potential along the bending modes.͒ Surprisingly, the ''tunneling'' band is rather sharp. On the one hand, this confirms that the proton transfer is largely decoupled from the heavy atom dynamics, in line with the remainder of the spectrum. On the other hand, this is in contrast to the ''phonon-assisted tunneling'' model 18 that supposes a large modulation of the double minimum potential by the ͑O¯O͒ low-frequency modes of the hydrogen bond. Tunneling transitions observed in various hydrogen bonds are quite similar.
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C. The neutron-scattering function
For proton dynamics studies, INS spectra can be measured over a range of momentum transfer Qϭk i Ϫk f with ͉k i ͉ϭ2/ i and ͉k f ͉ϭ2/ f , where i and f are the incident and scattered wavelengths, respectively. Owing to the large incoherent scattering cross section for protons, compared to other atoms ͑see Table I͒ , the scattered intensity can be represented with the incoherent neutron-scattering function ͑INSF͒
where ⌿ i (r) and ⌿ f (r) are the wave functions, depending on the spatial coordinate r, in the initial and final states, respectively. E i f is the energy of the transition and ប is the neutron energy transfer. The spectral profile in Q contains spatial information on the wave functions.
The peculiar aspects of the proton dynamics in KHCO 3 presented above were derived from INS data collected with the TFXA spectrometer. 10 For this instrument, momentum and energy transfers are correlated as បϳប 2 Q 2 /2m n , where m n is the neutron mass. Therefore, important information on the proton dynamics is lacking.
With the MARI spectrometer at the ISIS pulsed neutronsource, the INSF can be measured over the rather large ͉Q͉ range required for a complete representation of the proton dynamics ͑for example from ϳ0 to ϳ30 Å Ϫ1 for elastic scattering with an incident energy of ϳ500 meV͒. In this paper, only the incoherent elastic-neutron-scattering function ͑IENSF͒ is considered. The S(Q, ϭ0) provides a model independent view of the wave function in the ground state.
With single crystals, the IENSF S(Q x ,Q y ,Q z , ϭ0) can be measured for momentum transfer along specific directions. In the KHCO 3 (KDCO 3 ) crystal, OH͑OD͒ bonds are virtually parallel to each other ͑see Fig. 1͒ and Q x , Q y and Q z were chosen parallel to the mean directions of the proton or deuteron modes: stretching ͑ OH/OD͒, in-plane bending ͑␦ OH/OD͒ and out-of-plane bending ͑␥ OH/OD͒, respectively. Two slices of the IENSF in the (Q x ,Q y ) and (Q x ,Q z ) planes for KHCO 3 ͑Figs. 2 and 3͒ and one slice in the (Q x ,Q z ) plane for KDCO 3 ͑Fig. 4͒ were obtained ͑for experimental details see Sec. II͒.
Both coherent ͑diffraction͒ and incoherent scattering contribute to the maps of intensity. For KHCO 3 incoherent scattering by protons gives a broad peak centered at Qϭ0. There is no incoherent scattering by C and O atoms and the contribution of K atoms is negligible ͑Table I͒. In order to optimize the signal-to-noise ratio we have symmetrized the maps of intensity. For S(Q x ,Q y ,0) this is straightforward since the reciprocal lattice is orthogonal. The reciprocal lattice for S(Q x ,Q z ,0), on the other hand, is not orthogonal and unfolding the map introduces symmetry elements that do not exist in the crystal. This is of negligible impact for the analysis of diffuse incoherent scattering. Coherent scattering gives Bragg peaks. However, the MARI spectrometer is not suited to diffraction measurements. The pixel size determined by the experimental resolution in ͉Q͉ ͑ϳ1 Å
Ϫ1
͒ is comparable to the size of the unit cell in the reciprocal plane (Q x ,Q y ) and much larger in (Q x ,Q z ). Consequently, most of the Bragg peaks are not resolved and give a smoothed background intensity proportional to the coherent scattering cross section. For KHCO 3 , this background is negligible. However, sharp peaks are observed at rather large momentum transfer values (͉Q͉Ͼ10 Å Ϫ1 ), far beyond the Q range measured in previous diffraction works. 22, 23 Unfortunately, it is not possible to index these peaks unambiguously. In addition, regarding the rather large crystal size, multiple coherent scattering events cannot be excluded. Therefore, these peaks are not discussed any further in this paper. The data analysis and discussion presented below are focused on the IENS profiles. For KDCO 3 , the incoherent scattering cross section of the D atom is rather weak and coherent scattering is most important ͑see Table I͒.
D. The proton dynamics
For KHCO 3 , the isointensity contours ͑Figs. 2 and 3͒ and cuts along the vibrational modes are quite different from the shapes anticipated for harmonic oscillators, or double minimum potentials or pairs of coupled oscillators ͑see Secs. IV A, B, C, below͒. The IENSF calculated for pairs of coupled fermions with spin correlation 13 compares favorably to the observation ͑see Sec. IV D, below͒. The major output of this analysis is that quantum interferences are likely. In addition, the estimated mean-square amplitudes for proton modes ͑see Table II͒ correspond to well-isolated harmonic oscillators, and this conclusion is model independent.
For the deuterated analog ͑see Fig. 4͒ cuts along Q x and Q z are amenable to the Gaussian profiles for harmonic oscillators. There is no evidence for quantum interferences. In addition, the profiles are much narrower than anticipated if the deuterons ͑like protons͒ were amenable to isolated harmonic oscillators. It is concluded that the deuteron dynamics are largely coupled to the lattice.
II. EXPERIMENT
A. Crystal structure and symmetry
The KHCO 3 cupy C i sites. They are parallel to the ͑103͒ planes at 14°w ith respect to the ͑a,b͒ planes. Two single crystals of KHCO 3 with cylindrical shapes ͑diameter ϳ1 cm, length ϳ3 cm͒ were studied. The cylinder axes were oriented either perpendicular to the dimer planes ͑sample I͒ or parallel to the projections of the b crystal axis onto the ͑103͒ planes ͑samples II͒. The single crystal of KDCO 3 ͑sample II D with D/HϾ99.9%͒ was analogous to sample II.
B. Spectra
The MARI spectrometer at the ISIS pulsed neutron source is a direct geometry spectrometer. The detectors continuously cover all the angles from 3°to 135°, all with the same length of secondary flight path ͑ϳ4 m͒. For each sample, dimer planes were either parallel or perpendicular to the plane containing the detector bank and the incident beam. The incident energy was E i ϳ500 meV ( i ϳ0.4 Å) with resolution of ⌬E i /E i ϳ2%.
Measurements were carried out in such a way that the momentum transfer was either parallel or perpendicular to the mean dimer plane. The cylinder axis ͑Z͒ of the crystal was oriented perpendicular to the ͑X,Y͒ plane containing the detector bank ͑Fig. 5͒ and the X axis is parallel to the incident wave vector (k 0 ). Only neutrons scattered almost parallel to the ͑X,Y͒ plane (Q Z ϳ0) illuminate the detectors and, in the measurements under consideration, only those neutrons whose final energy is equal to the incident energy are selected (បϳ0).
The orientation of the crystal with respect to the incident beam ͑͒ was rotated from 0 to 180°, by steps of 12°, in order to probe a half plane in reciprocal space ͑see Fig. 5͒ . Data were converted from counts per channel per angle to S(Q i ,Q j ,) with standard procedures. In order to minimize the contribution of inelastic scattering, the maps of intensity were obtained after integration from Ϫ10 to 10 cm Ϫ1 .
C. Multiple scattering
Using standard values, the incoherent cross section per cm 3 of KHCO 3 is ⌺ inc (H)ϳ1 cm
Ϫ1
. Absorption is negligible. The neutron mean free path ͑ϳ1 cm͒ is on the order of the crystal size and the probability of measuring multiplescattering events must be estimated. In order to minimize these effects, we take advantage of the MARI spectrometer geometry and of the shape of the sample.
Using the averaged sample size along X (4R/ ϳ0.64 cm), the neutron transmission is ϳ0.55. The probability for a first scattering event is P 1 ϳ0.45. With an incident energy of 500 meV, incoherent scattering for the 0 →0, 0→1, and 0→2 transitions between proton states can occur with probabilities ϳ0.53, 0.27, and 0.20, respectively. Therefore, elastic scattering occurs for ϳ24% and inelastic scattering for ϳ21% of the incident neutron flux in the sample (⌽ 0 ). This is a rough estimation that does not account for the real density of states. The aperture of the detector bank along the Z axis is ϳ14°. Consequently, ϳ25% of the neutrons undergoing elastic scattering ͑ϳ6% of ⌽ 0 ͒ have ͉Q Z ͉ values required to reach the detectors (͉Q Z ͉Ͻ2 Å Ϫ1 ). For a hydrogenated sample at low temperature, the energy constraints ͑ប 1 ϩប 2 ϳ0 and ប 1 ӷkT͒ eliminate most of neutrons undergoing inelastic scattering from the measurements. Practically, only multiple elastic-scattering events must be considered. The averaged location in the ͑X,Y͒ plane of the first scattering event is at the center of the sample. The mean path length for those neutrons which have been scattered once is virtually independent of Q X and Q Y . For Q Z ϭ2k 0 sin( Z /2) the mean path length is R/cos Z , for Z р70°, and 1.5R for 70°р Z р90°, with Rϳ0.5 cm ͑see Fig. 5͒ . Numerical calculations of the transmission factor T(Q Z )ϭexp͕Ϫ⌺ inc (H)R/cos͓2 arcsin(Q Z /2k 0 )͔͖ confirm that the mean transmission factor is very similar to the transmission for the mean path length.
The probability p 2 (Q Z ) for double incoherent elasticscattering events with successive momentum transfers Q Z and ϪQ Z is proportional to the square of the normalized scattering law. Within the harmonic approximation,
0017. This value is underestimated because the constraint for Q Z is not strictly zero. With
a probability of ϳ0.007 is more realistic. Compared to the probability for incoherent elastic-scattering events at small Q Z values ͑ϳ0.06͒, the contribution of double-scattering events is ϳ10% of the measured signal. The probability for more than two successive incoherent elastic-scattering events is negligible. These calculations are only indicative. Nevertheless, they demonstrate that the spectrometer related constraint Q Z1 ϩQ Z2 Ͻ2 Å Ϫ1 cancels contributions of most multiple incoherent elastic-scattering events with nonzero momentum transfer along the Z axis. The main contribution to multiple scattering is due to those neutrons which have been scattered elastically twice with Q Z1 and Q Z2 Ͻ2 Å Ϫ1 ͑ϳ6% of the measured signal͒.
Multiple scattering of ϳ10% has little consequences on the measurements of incoherent scattering ͑see Fig. 6͒ . The widths are changed by less than 1%. According to numerical simulations for 25% and 50% multiple scattering, the width are increased by ϳ4% and 10%, respectively. Therefore, multiple-scattering effects should be negligible, compared to other experimental errors. This is largely confirmed by the data analysis presented below. For KDCO 3 , multiple incoherent scattering events can be ignored. The situation is totally different for multiple coherent scattering which may give rise to Bragg-like peaks for both KHCO 3 and KDCO 3 .
III. PAIRS OF COUPLED OSCILLATORS: THEORY
In KHCO 3 , intra-and interdimer coupling terms can be distinguished with optical and INS techniques. The intradimer terms give band splitting into B u and A g symmetry species observed in the infrared and with Raman, respectively. [25] [26] [27] The splitting is quite different for the three modes: ϳ200, 60, and 40 cm Ϫ1 for the stretching, in-plane, and out-of-plane bending, respectively. The INS technique, on the other hand, probes the density of states due to interdimer coupling terms. However, the observed bandwidths for the proton modes are similar with the three techniques. Consequently, interdimer coupling terms can be neglected and the proton dynamics for each degree of freedom can be represented with two identical harmonic oscillators with mass m moving along collinear coordinates x 1 , x 2 , and coupled to one another. The Hamiltonian is 30 Hϭ
P 1 and P 2 are the kinetic momenta. The harmonic frequency of the uncoupled oscillators at equilibrium positions Ϯx 0 is 0x . The coupling potential proportional to x depends only on the distance between the pendula. The equilibrium positions of the coupled oscillators are at Ϯx 0 ЈϭϮx 0 /(1 ϩ4 x ).
A. Normal coordinates
Normal coordinates are symmetric (x s ) and antisymmetric (x a ) displacements of the particles. For the sake of simplicity, it is convenient to use normalized coordinates corresponding to an effective mass of m for each mode
Substitution in Eq. ͑2͒ gives the desired separation of the normal modes
The normal frequencies are then The wave function for the degenerate ground state in Eq. ͑6͒ is relevant only for bosons. For fermions, spins are correlated in such a way that the total wave function is antisymmetrical with respect to particle permutations, according to the Pauli principle. The spatial part of the wave function is symmetrical (⌰ 0ϩ ) for the singlet state (Sϭ0) and antisymmetrical (⌰ 0Ϫ ) for the triplet state (Sϭ1)
͑7͒
These wave functions apply to any pair of coupled protons, irrespective of the distance and of the magnitude of the coupling term, provided it is not zero. The Pauli principle imposes the symmetry of the wave function while the ground state remains degenerate. It is no longer possible to distinguish the spin operators for each nucleus. A pair of coupled protons must be regarded as a composed boson with spin S ϭ1.
C. Vibrational coupling
In the KHCO 3 crystal, protons are engaged in hydrogen bonds between two carbonate entities (CO 3
2Ϫ
) forming centrosymmetric dimers. If there is no coupling term between the protons and the dimer oscillations, the dynamics is represented with symmetric and antisymmetric normal coordinates for the proton modes (x s ,x a ) and for the dimer modes ͑say X s ,X a ͒. ͑For the sake of clarity, we consider only two sets of normal coordinates͒. In the boson case the wave function analogous to Eq. ͑6͒ is
͑8͒
Here, the equilibrium positions for the dimer coordinates are
Alternatively, if nuclear spins are taken into consideration, the wave function in the ground state is antisymmetrical with respect to proton permutation and it is invariant for permutation of the CO 3 2Ϫ entities, since carbon and oxygen atoms are bosons. The wave function analogous to Eq. ͑8͒ is The factorization of the wave function may account for the localized proton modes introduced empirically on the basis of previous observations. [10] [11] [12] This decoupling, observed for different systems, is not likely due to accidental cancellation of off-diagonal elements. It could also account for the observation of well-defined bands at high energy and momentum transfer values in molecular crystals [4] [5] [6] [7] since the lattice modes should not contribute to the attenuation factor for the proton modes. Finally, the factorization of the wave function could be a limitation to the phonon-assisted tunneling model. 17 However, large anharmonicity may also contribute to the separation of the dynamics of light and heavy particles.
The Pauli principle applies only to the degenerate ground state. The excited vibrational states have no degeneracy ͓see Eq. ͑6͔͒ and the dynamics can be represented with usual normal modes including all atomic coordinates. Therefore, the normal coordinates could be different in the ground and excited states. In addition, force fields could be different for hydrogenated and deuterated analogs.
IV. SCATTERING FUNCTIONS: COMPARISON WITH EXPERIMENTS
In order to establish the specific manifestations of spin correlations, the IENSF for the harmonic oscillator, for the double minimum potential and for pairs of coupled oscillators composed of either bosons or fermions are calculated 13 and compared to the observations. For each model, the observed profiles are decomposed into the IENSF profile and triangular functions corresponding to other scattering processes ͑for instance, Bragg reflections, see Figs. 7-14͒. The numerical values for the best fits given in Table II were obtained with a least-squares procedure allowing all parameters to be adjusted.
A. Harmonic potential
The IENSF is Gaussian in shape, centered at Q x ϭ0:
The mean-square amplitude
The best fits to cuts of S(Q x ,Q y ,0) along the OH and ␦ OH modes ͑Figs. 7 and 8͒ give mean-square amplitudes ͑see Table II͒ close to those anticipated for the very anharmonic potential of the stretching mode 10, 20, 21 and for the almost harmonic potential of the in-plane bending mode. Similar results were obtained for cuts of S(Q x ,Q z ,0) ͑see Table II͒ . However, it is necessary to include a rather large number of triangular functions.
B. Double minimum potential
For a single particle in a symmetrical double minimum potential the ground state splits into two sublevels, symmetric (0 ϩ ) and antisymmetric (0 Ϫ ), respectively. E 0Ϫ ϪE 0ϩ ϭប 0Ϫ is the tunnel splitting. If the potential barrier is sufficiently high, convenient approximations of the wave functions are symmetrical and antisymmetrical combinations of harmonic wave functions centered at the potential minima Ϯx 0
The scattering functions are The periodical terms account for the interference between neutrons scattered by protons delocalized over the two sites. For elastic scattering, S 0ϩ0ϩ and S 0Ϫ0Ϫ give an interference pattern analogous to the optical fringes for two slits separated by 2x 0 whose widths are u 0x 2 . The intensity is a maximum at Q x x 0 ϭn. It can be observed only with sufficient energy resolution. Otherwise, the interference pattern due to S 0ϩ0Ϫ and S 0Ϫ0ϩ , which correspond to inelastic scattering at Ϯប 0Ϫ , is measured simultaneously. Then, the summation of sin 2 (Q x x 0 ) and cos 2 (Q x x 0 ) factors in Eq. ͑13͒ gives a spectrum very similar to, and practically indistinguishable from that of a harmonic oscillator. Very similar conclusions apply to quasisymmetrical double minimum potentials.
The cut along the stretching mode direction ͑Fig. 7͒ reveals secondary maxima of intensity at ϳϮ5 Å
Ϫ1
. If they were due to proton tunneling, the distance between the two potential minima should be 2x 0 ϳ1.2 Å. This is about twice the distance consistent with the crystal structure and with the asymmetrical double minimum potential function previously proposed for the stretching coordinate. 10 In addition, similar profiles are observed for cuts along the bending modes ͑for example, see Fig. 8͒ , whereas the potential is single minimum. Therefore, the observed profiles cannot be attributed to proton tunneling.
C. Pair of coupled bosons
With the wave function given in Eq. ͑6͒, the IENSF
The Gaussian profile is analogous to Eq. ͑10͒. Practically, it is impossible to distinguish coupled pairs of bosons and isolated oscillators.
D. Pair of coupled fermions
In KHCO 3 the spin-spin interaction for protons separated by ϳ2 Å is on the order of 10 4 Hz while the exchange integral and tunnel splitting are negligible. In addition, there is no relaxation by phonons if the proton dynamics are decoupled from the lattice. Therefore, quantum coherence might survive on a rather long time scale (ϳ10 Ϫ4 s), if there is no further relaxation mechanisms. The neutron velocity (ϳ10 4 
ms
Ϫ1
) and the coherence length ( 2 /2⌬ ϳ20 Å) are such that quantum coherence in the ground state is probed on a sufficiently short time scale (ϳ10 Ϫ12 s) to observing interferences. 13 The singlet and triplet states are formally analogous to the para and ortho species of the hydrogen molecule. 8 However, for a pair of indistinguishable fermion oscillators, the interference effects due to spin correlation combine with those due to indistinguishable particles: the scattering amplitude operator b 1 (b 2 ) can be at site 1 ͑2͒ or 2 ͑1͒. With the wave functions given in Eq. ͑7͒, the IENSF
͑17͒
The Gaussian profile, analogous to Eq. ͑15͒ for bosons, is modulated by sin 4 (Q x x 0 Ј) and cos 4 (Q x x 0 Ј) factors. The exponential terms are negligible for x 0 Ј 2 /2u 0x 2 ӷ1. In contrast to the double minimum potential, the interference pattern can be observed for the degenerate ground state with maxima of intensity at Q x x 0 Јϭn for S(Q x ,) 0ϩ0ϩ or S(Q x ,) 0Ϫ0Ϫ and at Q x x 0 Јϭ(nϩ1/2) for S(Q x ,) 0ϩ0Ϫ or S(Q x ,) 0Ϫ0ϩ ͑see Fig. 6 , curve 3͒.
The best fits to cuts of S(Q x ,Q y ,0) and S(Q x ,Q z ,0) along OH, ␦ OH, and ␥ OH modes, obtained with Eq. ͑17͒
are presented in Figs. 9-12 . The mean-square amplitudes, very similar to those derived previously with Eq. ͑10͒ ͑see Table II͒ , are largely model independent. However, the number of triangular functions is less with Eq. ͑17͒. Only the Bragg-like peaks at large momentum transfer ͑Ͼ15 Å
Ϫ1
͒ are not accounted for. The peaks at low ͉Q͉ values ͑Ͻ3 Å Ϫ1 ͒ may be due to multiple-scattering contributions more probable in this ͉Q͉ range.
Quantum interferences account for maxima of intensity observed at ϳϮ5 Å
, which are maxima of S(Q,) 0ϩ0Ϫ or S(Q,) 0Ϫ0ϩ , and for weaker shoulders at ϳϮ10 Å Table II͒ do not correspond to distances between proton sites in the crystal structure. The shortest distance between protons is ϳ2.25 Å within a dimer and protons in different dimers are much further away. Alternatively, the distances between projections of the proton positions onto Q x , Q y , and Q z are close to 2x 0 Ј , 2y 0 Ј , and 2z 0 Ј , respectively. Along Q x , 2x 0 Ј is the distance between the two proton sites of a dimer. Along Q y , 2y 0 Ј is the shortest distance between the projections of protons belonging to adjacent dimers ͑for example, those labeled 1 and 2 in Fig. 1͒ .
The great similarity of 2x 0 Ј and 2y 0 Ј is in accord with the crystal structure as the b unit-cell parameter ͑ϳ5.6 Å͒ is twice the size of a dimer along the same direction ͑ϳ2.25 Å͒ plus twice ϳ2y 0 Ј . 22 Along Q z , interferences arise because protons are located out of the middimer plane. With an OH bond length ͑l͒ of ϳ1 Å, 22 the estimated value for z 0 Ј ϭl sin gives a deviation ͑͒ of Ϯ14°. Therefore, the OH bonds should be almost parallel to the ͑a,b͒ crystal plane.
The quantum interferences reveal that proton spins are correlated in the ͑103͒ plane, should they belong or not to the same dimer entity. The spin correlation is observed for rather large distances in real space. The r 0 values indicate that neutrons are scattered coherently by lines of protons parallel to the ͑103͒ planes.
The proton dynamics
The mean-square amplitudes given in Table II are virtually model independent and close to those anticipated for isolated proton oscillators. Systematic deviations arise because the momentum transfer directions Q x , Q y , and Q z are not exactly parallel to the proton modes. This is an unavoidable consequence of the crystal structure ͑Fig. 1͒. The dynamics along Q x include minor contributions of the bending modes which increase u 0x 2 , while u 0z 2 is diminished by contributions of the stretching mode. For u 0y 2 the stretching and out-of-plane bending modes have opposite contributions. Fortunately, the deviation of the OH bond from the ideal orientation is no more than 20°and the contamination by other modes is less than 10%. For the stretching mode, u 0x 2 derived from S(Q x ,Q y ,0) is in accord with the double minimum potential function. [25] [26] [27] A numerical calculation of the wave function gives the same value. This remarkable agreement confirms that multiple-scattering and/or crystal misalignment effects are negligible. ͑Both they should diminish u 0x 2 ͒. The smaller amplitude derived from S(Q x ,Q z ,0) could reflect the large anisotropy of the double minimum potential since the momentum transfer is along the long dimer axis for S(Q x ,Q z ,0), or along the OH bond direction for S(Q x ,Q y ,0).
For the in-plane bending mode, u 0y 2 is slightly greater than anticipated from the vibrational frequency at 1385-1440 cm
Ϫ1
. 10 The discrepancy of ϳ5% is representative of the accuracy of the measurements. Anharmonicity is unlikely to increase u 0y 2 . For the out-of-plane bending mode, u 0z 2 ϭ(1.75 Ϯ0.02)10 Ϫ2 Å 2 is smaller than anticipated for a harmonic oscillator. However, such a large anharmonicity is not confirmed by the vibrational spectra. [25] [26] [27] Some contribution of the stretching mode is likely.
The mean-square amplitudes for the O atoms derived from x-ray diffraction at 95 K are U 0xO 2 ϳU 0yO 2 ϳ 0.5ϫ10 Ϫ2 Å 2 and U 0zO 2 ϳ2.2ϫ10 Ϫ2 Å 2 . 22 If the protons were riding the O atoms, the observed mean-square amplitudes should be u 0i 2 ϭu 0iH 2 ϩU 0iO 2 , with iϭx, y or z ͑ϳ1.4, 1.75, and 3.5 in 10 Ϫ2 Å 2 units, respectively͒. The observed profiles are too broad to be amenable to protons riding O atoms.
The proton dynamics in the ground state were previously measured with the neutron Compton scattering ͑NCS͒ technique which probes the mean kinetic momentum ͗p 0 2 ͘. The harmonic character of the stretching mode ground state is not in conflict with the large anharmonicity of the asymmetric double-well potential derived from vibrational spectra. It merely confirms that the proton delocalization in the ground state ͑tunneling͒ is negligible.
The proton mean-square amplitudes obtained in previous neutron diffraction works at 298 K, 23 ϳ(2.8224 Ϯ0.0004)10 Ϫ2 , (3.0276Ϯ0.0004)10 Ϫ2 , and (5.1076 Ϯ0.0004)10 Ϫ2 Å 2 , are greater by a factor of ϳ3-4 than those obtained from IENS measurements ͑Table II͒. They are even much greater than anticipated if the protons were coupled to the lattice. Presumably, the mean-square amplitudes should be substantially reduced for diffraction experiments performed at low temperature.
The deuteron dynamics
For KDCO 3 , coherent and incoherent scattering cannot be distinguished easily ͑Fig. 4͒. Nevertheless, cuts along Q x and Q z can be decomposed into Gaussian profiles and triangular functions ͑Figs. 13, 14 and Table II͒ . Owing to the large number of triangular functions, the decomposition could be not unique and the uncertainties given in Table II are certainly underestimated. There is no evidence for quantum interferences similar to those observed for the hydrogenated analog. However, this is not conclusive because of the many Bragg-like peaks.
The most significant information is provided by the width of the Gaussian profiles that comprise incoherent scattering, mainly by D atoms, and unresolved coherent scattering by D, O, and C atoms ͑Table I͒. The relative contributions of the D, C, and O atoms to the total intensity are ϳ30% ͑D͒, 20% ͑C͒, and 50% ͑O͒.
The mean-square amplitudes for the O and C atoms derived from x-ray diffraction at 95 K are similar: U 0x 2 ϳ 0.5ϫ10 Ϫ2 Å 2 and U 0z 2 ϳ2.5ϫ10 Ϫ2 Å 2 . 22 They correspond to dynamics mainly at rather low frequency ͑Ͻ200 cm Ϫ1 ͒ for which the CO 3 2Ϫ entities can be regarded as rigid bodies. On the other hand, the mean-square amplitudes for the D atoms can be estimated within the harmonic approximation from Table II If the D and carbonate dynamics were decoupled, the observed profiles should be the sum of two Gaussian profiles with U 0 2 ͑ϳ70%͒ and u 0D 2 ͑ϳ30%͒, respectively. The calculated profile along the stretching mode direction is much broader than the best fit ͑see Fig. 13͒ . Clearly, decoupled dynamics for D and CO 3 2Ϫ entities must be rejected. Along the z direction, the calculated profile is only slightly broader than the best fit ͑see Fig. 14͒ and it is not possible to conclude firmly.
If the D atoms ride the rigid carbonate entities, the meansquare amplitude should be U 0 2 ϩu 0D 2 . Along the stretching mode direction, the calculated mean-square amplitude (1.08ϫ10 Ϫ2 Å 2 ) compares favorably to the estimate in Table II and suggests that the dynamics are effectively coupled. Along the out-of-plane bending direction, the Gaussian profile calculated with u 0z 2 ϭ3.4ϫ10 Ϫ2 Å 2 is only slightly narrower than the best fit ͑see Fig. 14͒ and it is again difficult to conclude. However, it would be surprising if the dynamics were coupled along the hydrogen bond and decoupled perpendicular to this direction.
V. CONCLUSION
Incoherent elastic neutron scattering measured with single crystals of KHCO 3 and KDCO 3 reveal quantum aspects of the vibrational dynamics of protons and deuterons. Classical normal coordinates apply only to coupled pairs of bosons. For coupled pairs of fermions, the symmetric and antisymmetric vibrational ground states must be regarded as singlet and triplet states, respectively, according to the Pauli principle. The spin correlation for indistinguishable protons gives rise to quantum interference. This quantum entanglement is reminiscent of the Einstein-Podolsky-Rosen paradox. 32 A major consequence is that the dynamics of pairs of indistinguishable fermions are not correlated to the crystal lattice. This can be regarded as a quantum correction to the classical normal coordinates.
For KHCO 3 , incoherent elastic neutron-scattering profiles along the various degrees of freedom of the protons are best represented, in accord with the crystal structure, with the interference patterns for indistinguishable fermions. The spin correlation imposed by the symmetry of the normal coordinates occurs essentially parallel to the ͑103͒ planes. It is independent of the local symmetry of the crystal and of the distance between scatterers. Neutrons are scattered coherently by lines of protons along Q y ͑ OH͒ or Q x ͑␦ OH and ␥ OH͒. Within experimental errors, the protons are not coupled to the heavy atoms and quantum coherence occurs on a rather long time scale compared to that of the lattice dynamics. The mean-square amplitudes for the proton oscillators compare favorably to previous INS ͑Ref. 10͒ and NCS ͑Ref. 21͒ measurements. The proton dynamics are amenable to isolated harmonic oscillators and this conclusion is largely model independent.
For KDCO 3 , the elastic profiles are well represented with boson oscillators. The mean-square amplitudes suggest that deuteron and lattice dynamics are correlated. This is clearly evidenced for the stretching coordinate. For the out-of-plane coordinate, the analysis is hampered by the lack of accurate diffraction measurements at low temperature.
